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On Equivalence of Spin and Field Pictures of
Lattice Systems

Boguslav Zegarlinski'
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We investigate the spin and field systems on a lattice connected by the Kac-
Siegert transform. It is shown that the structures of corresponding theories are
equivalent (in the sense of isomorphy of space of Gibbs states and order
parameters). Using the idea of equivalence of spin and field pictures, we exhibit
a class of lattice systems possessing infinitely uncountably many ground states.
The systems of this type with infinite-range, slow-decaying interactions are
expected to have a spin-glass phase transition.
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INTRODUCTION

A complete description of spin systems with two point interactions at high
temperatures has been given in ref. 13. The main idea of this work was as
follows: First we use the Kac-Siegert transform to pass from a spin system
(with discrete variables) to a lattice field system (with continuous
variables). The corresponding field system was described by a Gaussian
measure perturbed by a local interaction. At high temperatures the interac-
tion was small and a suitable use of Brascamp-Lieb'® inequalities allowed
us to get a complete description of our system. The main point was that in
this way we were also able to study the systems with (nonclassical) long-
range interactions, ie., these which are not absolutely summable. (In
Section 2 of the present paper we give a generalization of the results of
ref. 13 to systems with more complicated interactions).
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1512 Zegarlinski

Let us note that the models of lattice spin systems with long-range
interactions are considered to be important for understanding the physics
of alloys of magnetic (e.g., Fe) with nonmagnetic (e.g., Au) metals. After
studying the high-temperature disordered phase of interesting models, a
challenging problem is to find a way to describe the low-temperature
region. There is no rigorous result concerning the low-temperature
behavior of systems with long-range interactions, aside from the mean-
field Sherrington-Kirkpatrick models with random bond interactions‘®
and with random sides."* In fact, even for systems with classical long-
range interactions there is no systematic study of the low-temperature
region except for ferromagnets (see, e.g., refs. 2, 9, 11, 15-17, and 19) and
interactions with “small” long-range part.??

We mention also the results on the absence of phase transitions for
random bond (classical) long-range interactions in refs. 4, 6-8, 10, and 21
and for classical long-range interactions in refs. 8, 12, 20, and 24. In the
present paper we take a step in the direction of the low-temperature region
for systems with long-range interactions. We argue that the field picture
can be useful also for these pourposes.

First (in Section 3) we show that the spin picture and the field picture
are equivalent in the sense that the sets of Gibbs measures of correspond-
ing spin and field systems are isomorphic. Moreover, we prove that there
is also a correspondence between order parameters, which allows us to give
a meaning to the ferromagnetic and spin-glass phases in the field picture.
To understand the low-temperature behavior of a lattice spin system, it is
very important to know the structure of its ground states. Motivated by the
results of Section 3, we propose to study this problem in the field picture.
There we can deal with continuous variables, which makes the analysis
possible. In this way we get some results concerning ground states in
Section 4. In particular, we exhibit a class of systems possessing infinitely
uncountably many ground states. One may expect that such systems can
have an interesting behavior at low temperatures, including the spin-glass
phase transition.

1. PRELIMINARIES

We consider a spin system on a lattice I'=Z¢ de N. Let # denote the
family of finite sets in I". Let % = {4, % },_, be a countable base of Z,
which means an increasing sequence of sets which is absorbing, i.e., for
each Ae# there is nye N such that 4 < 4, . If not otherwise stated, %,
will be assumed to be a van Hove sequence. The number of elements in
AeZF is denoted by |A].

Let (S, %) be a single spin space, consisting of the set S={—1,1}
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and ¥ the cg-algebra of subsets in S. A space of spin configurations s is
defined to be (2, 2)=(S, #)". A spin at site iel is by definition a
cocrdinate function

Q355,85 (1.1)

For A<=T, let 2, be a g-algebra generated by the functions {s5,:ie A}. Let
Ug be a free measure on (Q, X') defined as a product of uniform probability
measures on (S;&). Similarly taking O,={0,1}, we define a space
(0, 0)=(0,, G,)". A coordinate function #n;, ie I', on (0, 0) will be called
an occupation number variable. Let ¢, < ¢ with A < I” denote a ¢-algebra
generated by {n;: ieA}. We define the action of translation group on
(2, 2} x (0, 0) by setting

(Te5)i=Si—k> (Ten);i=n;_; (1.2)

Using this, we can define a translation of functions and measures on
(22, 2)x (0, 0) in the usual way. Let F be a translation-invariant product
probability measure on (O, @). Let .# denote the space of jointly
measurable real functions on (2, X)x (0, ). We wish to study the spin
systems with interactions

b F oM
such that for any Xe &, @, is Xy x (), measurable (briefly, &, Xy x Oy)
and
Py(n, o)=nyPy(5) (1.3)
where ny=11,. ¢ 1, and o,=n,s,.
It is assumed that @ can be represented in the form
D=0+¢ (1.4)

with @ a two-point interaction specified below and ¢ a classical Gibbsian
interaction sattisfying

gl =sup Y. sup gyl <o (1.5)
ier“fef a

To define 8, we set 6, =0 for |X| #2 and for X = {j, j} we define

0,;:=—3G, 0,0 (1.6)
where

1 r
20

Gy= d.q e G(q) (1.7)
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with G(q) a real, symmetric function satisfying for some 0 <g< o0
0<e<G(g) <Gl < o0 (1.8)

An interaction § given by (1.6)-(1.8) can be a (nonclassical) long-range
interaction in the sense that '

2 Gy = (19)

Nethertheless, as shown in refs. 13 and 23, the corresponding spin
system behaves thermodynamically well. As an example of an interaction 8
satisfying (1.9), we can take in one dimension

- T
G(g)=— x(l9] <4gq) (1.10)
do
for some 0 < gy <m. Then
G,-,-=S—m—q°.—|l—_.—]~| (L11)
qo li—Jji

The other examples can be found in ref 13 and together with some
generalizations in ref. 23. For 4 € # we define a Hamiltonian function by

H, (D)= ) &y (1.12)

Xca

By our assumption (1.4) we can write it as follows:

H,(®)=H (0)+ H,(¢) (1.13)

2, SPIN AND FIELD PICTURES OF A LATTICE SYSTEM

We consider a measurable space (R”, #), with # the Borel s-algebra
generated by product topology. Let p. be a Gaussian measure on (R’, )
with mean zero and a covariance G given by (1.7)—(1.8).

Let ¢,, ie I, denote the coordinate functions on (R”, #). For fe R~
and a Gibbsian interaction ¢ we define a finite-volume measure p ,, 4 € %,
on the space (R”, #) x (2, X) by

to ® no({exp(B'? 3 4 ¢:0,) exp[ — BH ,(¢(5))1} Fp, 0))
Ue® .“0(‘3)(13([31/2 2iea ©:0;)exp[ —fH 4(4(0))])

Ha(F)= (2.1)
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By the definition we have

/~‘A|z(')=ﬂo(eﬁlm"@)‘)/,“o(e‘BHA@)) (2.2)

where on the rhs of (2.2) we recognize the usual finite-volume measure for
a spin system with interaction @.
Let us introduce a function

_ to exp[ —BH ()] exp(f'? ¥, 4 %m—))
UA .=1 .
o):=in o xp — BH ,(9)] 23)
Then we have
H/mfa(')=ﬂG‘(eUA((p)')/#G(eUA(¢)) (2.4)

The important point is that u 4,4 and u ,, ; determine each other. We have
the following lemma essentially proven in ref. 13.

Lemma 2.1. Any expectation of polynomial functions in ¢
variables can be represented in terms of expectations of polynomial
functions in ¢ variables and conversely. In particular, we have

#A(@i)zﬁm Z ijlv‘AO'j (2.5)
je4a
and
bha00;=Gy+ B Y GG thaOr O (2.6)
kk'eA

To get a proof, one considers expectations of monomials in the field ¢.
Integrating by parts with the Gaussian measure ug, one gets a linear
expression in terms of expectations of monomials in spin variables ¢. Due
to our assumption (1.8), this relation is invertible. It was observed in ref. 13
that, using the field picture, it is easier, and possible at all if one considers
long-range @ interactions, to get a complete description of the
corresponding spin system at high temperatures. Here we present a
generalization of results of ref 13. To formulate it, we shall introduce a
finite-volume measure u’ with boundary conditions ¢ We set

A= ™A Y o= P0 ) @7)
with
Waé, ¢)= ~ Z Z Gy6,0,+ Z Px(Oxnar Oxnac)
ied jed XeF XnA+*TXNnA* D

(2.8)
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whenever
Y G,6,] <o (2.9)
je A°
for all Ae %, and ieA. Let
) pors, expL—BH 1($)] exp(B? X, 4 0,0))
Ul(p):= lim In [5 o1 = e J} (2.10)
A'e Fy ,uo|erXP[ BH ,(¢)]

with §; a point measure concentrated on &.

Theorem 2.2. For any interaction & =0+ ¢, with ¢ a Gibbsian
interaction satisfying (1.5) and 6 given by (1.6)—(1.8), there is 0 < o<
such that for any 0<f <pf, the corresponding spin system is in the
disordered phase. In particular, the Edwards—Anderson parameter

Y (W50,)? (211)

ied

=1
dEa 1m VT

is equal to zero and the system has a cluster property with the same decay
as that of the interaction 6. Moreover, the limits of observables

(Fy=lim = |A| S (uf T, F)* (2.12)

for ke N and any local function F, exist and are independent of boundary
condition &.

REM: A similar result holds also for O(N), Ne N, models. Note that
there is no loss of generality in assuming 0<g¢ from (1.8) instead of
—w <&

Proof. According to ref. 13, it is sufficient to pass to the field picture
and then to show that there is

0<Bo< Gl (2.13)

such that for all 0 < f§ < f, the function

VA(qo)z—[ Y 07 Ullo)] (214)

ied

is concave for any A4 e % and & satisfying (2.9). Using the definition (2.10)
of U9, we get

2

00,0,

P Valp)= —B[éij"/v‘il,ﬁ(wrh(w)a)(aia O'j)] (2.15)
@
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where 1% s 4 nw)o 1S a finite-volume spin measure corresponding formally
to #=0 and Gibbsian interaction ¢ + A(¢@)o with

h(e)o= {ﬁﬁl/zﬁpio'i} (2.16)

Now by standard methods one can show that for sufficiently small f, the
measure 4% s, 4 no)o) Nas a cluster property independent of volume 4 €7,
“external magnetic field” A(¢), and boundary conditions §. Moreover, the
quadratic form

A=14;
{ ) i) (2.17)
Ay= 15 g4+ (o)) (01 O5)
satisfies
(4] < Sl?p Z Iﬂi,ﬁ(¢+h(¢p)a)(°’i’ g;)] <1 (2.18)

J

if 0<f<p, for some sufficiently small f,, 0<f,< o0, independent of
Ae#, 6, and h(p). Therefore we have

52
0,0

@@

Valp) <0 (2.19)

for all Ae % and 0<f < f, with some 0 < f, < co sufficiently small. This
allows as to apply the machinery of ref 13 to get the statements of
Proposition 2.2. |

Further, the field picture also can be used to consider low-temperature
problems. For simplicity, from now now on we restrict ourselves to pure 8
interactions plus eventual (random) external magnetic field. This case is
sufficiently interesting and easier to study.

3. EQUIVALENCE OF SPIN AND FIELD PICTURES

Let 6 be a two-point interaction defined in (1.6)-(1.8) and let ho =
{hin:s;};cr be a one-point spin interaction. Let % denote the corre-
sponding finite-volume measure (2.7) with external boundary condition
given by configuration ¢ [satisfying (2.9)]. For a field configuration ¢ € R
such that for any 4e #

Y G la;

jeAs

< (3.1
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for all ie A, we define a finite-volume measure 7% (with field external
boundary conditions @} by

N 1 1 N
nﬁ(')afj H dﬁoi[eXP<“ 5 Z G,;IQD:'(P/_ Z Gij_'l(Pj(Pz)

ZA ied iLjeda je At
ied

xexp(UA)-:l (3.2)

where Z¢ is the normalization factor and

- Bha, Bl/z(ﬂza'l
UA((P)E z ln #o(e € )

ied ﬂo(e Aﬂh'ai)
One can see that for any 4’ € % and A <= A’ the kernel n% agrees with the
conditional expectation with respect to #,. and associated to the measure
K-

Now suppose we consider the measure u%. By the same arguments as
used to prove Lemma 2.1, based on the integration by parts formula for
Gaussian measure, one can see that the expectations ué(W(e)) with local
polynomials W(¢) determine the expectations {u%0 4} .. This gives the
following result.

(3.3)

Lemma 3.1. The infinite-volume field measure

pe=1im puf 4 (34)

Fo
(if it exists) determines the spin measure
ug=lim p%, (3.5)
o
Note that changing the integration variables

= @i =0+ B ) GG, iel’ (3.6)

jea¢

in expectations with the measure u%, we get for any local function Fe Z,,,
Ag€ F, that

ualexp( *ﬁl/z ZjeACmA' (pj&j)] Flo— ﬁl/z ZjeA” G.j&j))

15 F(e)= lim

A€ Fo palexp( "ﬂl/z Zje A A’ @ja'j))
(3.7)
This can be rewritten as follows:
wiF@) =05 (F(o-87 ¥ 6,5,)) (38)
jeAc

with some probability measure p?.
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Note that
P (-8 S 6.0 =0i(mhr (0= T 6,5,)) (9
1€ A¢ je A
for any A’ = A. Using this and the fact that locally
lim ¥ G,6;=0 (3.10)

P
] je At

formally, we get

W Fo)=lim w Fo) =lim o5, (F (0~ 3. 6,5 )
0 Fy

B s

=lim p’(F(p)) (3.11)
and
: & 1/2 ~ o & @ _pl2 = \
(00 5,0)) o (o7 5.00))
= (li;? P EG(F (@) (3.12)

This implies that for any A,e% the infinite-volume field measure uJ
satisfies

u5(m 4 (F)) = up(Fle)) (3.13)

ie., u% is a Gibbs measure for the family {n%} ,_,. This together with
Lemma 3.1 give us the following result.

Theorem 3.2. Any infinite-volume spin measure u$ corresponding
to the interaction {6+ ho} is uniquely determined by the infinite-volume
Gibbs measure u of the corresponding field system.

In ref. 13 we saw that the use of the field picture proves to be a very
effective tool to determine the properties of spin systems at high
temperatures. (It turns out that it was easier to investigate the observable
quantities

Epé(F)y=lim L Y (u§ T.F)* (3.14)
= 14 2,
or corresponding mean susceptibilities than the u° themselves.)

Since Theorem 3.2 is independent of temperature, it may be useful for
the study of the low-temperature region. Note that in the field picture we
deal with continuous variables, which can make some renormalization
group analysis possible. On the other hand, such an analysis in the case
of spin variables is usually rather cumbersome. For the investigation of
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the low-temperature behavior of a lattice system it is helpful to have
some information about its ground-state configurations minimizing the
corresponding Hamiltonian function. It is very hard to get such informa-
tion for a spin system with long-range interaction, as is usually the case
when one deals with discrete variables. In the next section we show that
such information is available for the field system. Therefore it may be better
first to study the structure of the low-temperature field theory and then use
Theorem 3.2 to get a description of the corresponding spin system.

To understand the physical content of this passage, we should give a
meaning in the field picture phase transitions of interest to us, such as
ferromagnetic and spin-glass phase transitions, which have a well-defined
sense for spin systems. This is provided by the connection of the order
parameters given below.

For k=1, 2, let us define the following order parameters:

1 _
Qi,""hm— Y (qe) (3.15)
|Al ied
and
Q(k)_hm___ Y (14, (3.16)
Fo |A| ied

Theorem 3.3. The order parameters Q% and Q) are equivalent in
the sense that

oW =p"2G(0)Q" (3.17)
and

BIG?I QP <QP<pIG? @ (3.18)

Proof. Using the integration-by-parts formula for field variables, we
get

,ui(/’izﬂl/z Z Gij:u'io-j (3.19)
jeA
Hence we have

1 & 1/2
— 3 o= G,
] 2, 1P |AtZ L, Cutae)

ied jed

P |A| > ¥ Gyue,

iel’ jed

—[i"/z Y Y Gyudo,; (3.20)

lA‘ ieA¢ jeA
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Since
Y G,=G(0) (3.21)
iel”
then
L1 . .
im g2 — % 3 G,ujo,=p"G0)Q" (3.22)
%o |A| iel’ jed

On the other hand, we have formally
.1 .
lim— Y Y Gyu50,=0 (3.23)
#o | A} Th jed

This together with (3.22) and (3.21) imply (3.17).
To show (3.18), we use (3.19) to get

1 N 1 -\
— ) =f— G,ula,
iAl = (,quD,) ﬁ |A1‘ Z <Z U#AUJ)

1ed \jed

1 . -
=ﬁm (Z GijGu"ﬂZUj#ZUJ) (3.24)
LiedA Nieda

Since

Z GGy = G;' (3.25)

iel’

then the rhs (3.24) can be written as follows:

1 o
ths(3.24)=f— Y G.u%0o,u50,

4] 2
1 ~ 2
~Bm > (Z Gy#iff]) (3.26)
ied® NjeA
Hence
& )2 1 2,8 & \
7] A(uw,-) Sﬁm Y Gouh0,u%0; (3.27)
e Sied

Since from our assumption about G we have in the sense of quadratic
forms

G, <G, 0y (3.28)
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then (3.27) implies that

Y (Whe)*<p G’ Ilao~— Y (w50 (3.29)

red ‘AlzeA

i/ll

Passing with A to I', we get the rhs inequality in (3.18). Inverting (3.19)
and going by similar arguments as in (3.14)-(3.29), we get the rhs
inequality of (3.18). This ends the proof of Theorem 3.3 |1

4. ON THE STRUCTURE OF THE SET OF GROUND STATES
FOR LATTICE SYSTEMS

In this section we study the structure of the set of ground states for the
lattice systems considered in Section 3. Motivated by Theorem 3.2, we
would like to do our analysis in the field picture, where we can deal with
continuous variables. A field system of interest has the following formal
action:

H((P)E% 2 (PiGiJ_'l(rDj— z Uio,) (4.1)
i,jel iel’
with
—Bho, ﬂl‘/zfﬂtaz
Udg)=In (%)

=1In ch[n,("?p,— Bh,)] — In ch(Bh,n,) (4.2)

The corresponding infinite-volume probability measure can be formally
written as

1
W(F(@)=5 | 29 e " Fg) (43)

The ground states of the field system are by definition equal to the global
minima of the action H.

A necessary condition for ¢ to be a configuration minimalizing the
action (4.1) reads

a ?
~—H(p)=), G;'o,~U/(p;)=0 (4.4)
6(,01' jero
for all ie I'. Let us note that H is dependent on the reciprocal temperature
B of the corresponding spin system. Therefore one may expect that also the
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set of ground states will depend on f. At high temperatures we have the
following result.

Theorem 4.1. Suppose
BlIGI<1 (4.5)

Then for any configuration {n,} the action H has only one global
minimum.

We remark that exactly under the condition (4.5) we have proven in
ref. 13 that the corresponding lattice system is in the disordered phase.

Proof. 1t is sufficient to observe that under the condition (4.5), the
Hessian form

O°H . ’
=G, —0 . {—Bh. 12, ) -2 4.6
2000, G, ' —d,Bn;{ch[n,(—ph;+ B"0;)]} (4.6)

is strictly positive definite (no matter what the external magnetic field {4,}

is). |

To analyze the low-temperature region, we use (4.2) and rewrite (4.4)
in the more explicit form

(G™'@);=B"’n;th(—Bh,+ 7)) (4.7)

For simplicity we will take a translation-invariant external magnetic field
n,=h,iel.

Suppose that all »,=1. Then a first easy solution of (4.7) {which exists
for any G) is given by

®:= o, iel’ (4.3)
where &, € R satisfies
(Z GJl) o= B2 th(—ph+ B'2¢,) (4.9)
jerl
Using the fact that
Gil=Y G;'>0 (4.10)
jel’

we introduce a new variable

Lo=B 1G5, (4.11)
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and write (4.9) as follows:
{o=th[Go(lo— Gy 'h)] (4.12)

Simple analysis of this equation gives the following result.

Theorem 4.2. If =0, then for fG, <1, Eq. (4.12) has only a zero
solution (minimum of the action), whereas for BG,>1 there are two
nontrivial solutions + |{,| corresponding to minima of the action and the
zero solution corresponding to a local maximum. Suppose h#0. If
|G, 'hl <1, then there is f.= B.(h) satisfying §,G,>1 such that for any
B> 8., Eq. (4.12) has three solutions {; < {, <{5. Two of them, {, and (5,
correspond to minima of the action and {, to a local maximum. There is
only one global minimum of the action.

For |G 'h| > 1, Eq. (4.12) has only one solution, no matter how small
the temperature.

It is useful to introduce the energy density e(¢@) of a ground state ¢ by

6(90)51%1‘/11—'H((p|,1) (4.13)

with ¢,, coinciding with ¢ inside 4 and identically equal to zero outside
A. In the translation-invariant case for ¢ given by (4.8)-(4.12) we get

e(p)=5G, €3 —Inch(—ph+ B*2E,) (4.14)

Now let us consider a non-translation-invariant case. Assuming that /,=0,
ie I, we would like to look for ground states of the form

®;=¢6; (4.15)
where &} =0 and &,=n,s, satisfies

Y G;le,=4'4, (4.16)

jerI

with some AeR*, 0< A 1< |G| "
Using (4.7), (4.15), and (4.16) we get the following equation for &:

ATIE= BV th(B1E) (4.17)
Introducing
(=B~ (4.18)

we can rewrite (4.17) in the form

{=th(BAL) (4.19)
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It is known that (4.19) has nonzero solution iff

pi>1 (4.20)

For such f we have two nonzero solutions differing only in sign.

Let us now come back to condition (4.16), which is the main point of
our analysis. We would like to exhibit a class of G for which (4.16) is
satisfied for infinitely uncountably many configurations {&;=n,s,}.

Definition 4.3. We say that a covariance G satisfies a condition
(C) iff there is an open symmetric set A, < supp G such that for any ge 4,

G(g) = A= const (4.21)

Note that condition (C) defines a class containing interesting examples of
long-range interactions, e.g., given by (1.10).

Let {1} now be a family of probability measures on (2, X) dependent
on ne O satisfying for

C; = EulG,6;) (4.22a)
Cy s(—zjg)—dj(%n)dddq et =1 (q) (4.22b)
the requirements
supp C(g)=A S 4, (4.23a)
and
C(q) = (2n)%cy(ge A) (4.23b)

with some constant 0 < ¢ < o0.
Note that

Eu(d,6,)=Cy=c|4] (4.24)

and since &;6,=n;, so ¢ satisfies the normalization condition

E(no)
C=— 4.25
] (4.25)
Using the conditions (4.21)—(4.23), we see that
2
Eu ( Y G,;l&j— }L‘l&i) =0 (4.26)
jel
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This is because the lhs of (4.26) equals
Y G5'CG =0T Y GG+ AT
s j

N (271z)dj L daq [G(g)7* Clg)—247'G(g) "' Clg) + 4 *C()]

(=m,7)

Gl da [0 =21 ) (827)

(—~n,m)

and by our assumptions
Glg) ' —i'=0 (4.28)

on the support of C(q).

The equality (4.26) means that there is a set O of E of measure one
and a set of measures {y,: ne O} such that (4.16) is satisfied p,-a.c., ne 0.

To finish our considerations, we only mention that using the methods
of ref. 13 one can really construct a family of continuous measures {yu,},
ne 0, satisfying (4.22) and (4.23).

Suppose we have ¢ and & #0 satisfying (4.16) and (4.17). We want to
show that the corresponding ¢ defined by (4.15) is a minimum of our
action if 8 is sufficiently big. To see that, we consider the Hessian

O*H
0, 0¢;

(0)=G, ' =8, Pn,(ch p*¢5) >
=G ;' —d,np(ch iln;)? (4.29)

where { = {(f) satisfies (4.19). If f — oo, then {(B)— 1. Therefore, there is
0 < ff,< o0 such that

Blch p2g) > < |G|~ (4.30)

for all § > f.. This, however, implies

2

>0 4.31
30,00, (@) (4.31)

for all §> f., i.c., corresponding configurations are the ground states of
our system. Note that, as follows from (4.29), the dilution improves the
properties of the system, in the sense that its action becomes more and
more Convex.

Let us compute formally the corresponding energy density, defined by

'
e(cp)ElgglmH(qo.A) (4.32)
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with ¢, being equal to ¢ in A and zero outside. We have

}Al ijed e

LH(%) -}1—( Y G;l'é6,— ) 1nch[>’“2£51>
1

' '@- £11Y 62 Y Inch ﬁ‘/zi&,)

ied ied
[ .
__rA_lig ZA G, 6,6, (4.33)
je e

The second term on the rhs of (4.33) converges formally to zero as A1 1.
The first term on the rhs of (4.33) in the limit gives

1
lim— % ( &22'6* ~1Inch Bmé&,)

2o |A, ieA

:(5622 ! lnchﬂ”zf)lg?mlez/tn

1
= (5 24 ' ~Inch [3”%) En, (4.34)
where we used the fact that £ is a translation-invariant ergodic measure.
Let us remark that
(3&%27' ~1In ch BY?E) Eny= (4BAL> —In ch BAL) Eny <0 (4.35)

for large B. For given G satisfying (C) any family {u,} for which (4.22) and
(4.23) holds gives the same result.
Summarizing, we have the following result.

Theorem 4.4. Suppose 2=0 and G has a flat piece, i.e., there is an
open set Aycc (—n, n)? such that

G(g) = A=max G(q)

for all ge A,. Then the corresponding spin system possesses infinitely
uncountably many ground states given by (4.15)-(4.17), with the same
energy density

e(¢)=(3A7'& —In ch ') En, (4.36)

Moreover, each ground state ¢ is spin-flip degenerate; ie., (—¢) is also a
ground state.

822/59/5-6-28
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